Mathematical Physics Qualifying Exam Name

Do any three of the 4 problems

1. For systemswith the potential energyfunction V(r) dependingonly on the
distancer, the wave function canbe expresse@sthe productof the radial wave
function Ry(r) and the sphericalharmonicsYim(/,”) where Yin(/,”) is the

commoneigenfunctionof operators_? and L, suchthat L?Y;,=I(1+1) h? Y, and
L.Yim=m17 Yim. (@) Show that the radial wave equation is given by
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(b) By makingthe substitutionRy=un(r)/r, showthattheredialwavefunctioncan
be reduced to an effective one-dimensional Schrsdinger equation

d?u, /dr? +(2m/h?)[E! V 4 ]u, =0, whereV,, =V (r)+I1(l + D’ [2mr* .

(c) For the caseof the isotropic harmonicoscillatorwith V(r) = mw?r?/2, the
effective one-dimensional radial wave equation can be written as

d?u, /d"?+(C! "1 1(1+1)/"*)u, =0

with theintroductionof * =!r, " =(m! /h)’/z, andC=2E/n! . By examiningits
asymptoticsolutionsat r! 0 andr" ! respectively,show that u, can be

written asu,, (/) =/ """/ (1) with f(!) satisfying the differential equation
"(d2f /d"?)+2(1+1! "?)(df /d")! (21 +3! C)"f =0.

(d) Making a changeof variable " = ! ?, show that the differential equation
for f(§) is

"(d2f/d" )+ (1 +3/2! ")(df /d")! (1/4)(21 +3! C)f =0.

Thisis in theform of the well-knowndifferentialequationxF"+(b- x)F'-aF = 0

whose solution is the confluent hypergeometric series

Faby=" LETIOX e a@sde,
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It canbe seenthatF behavesase” for largex. Showthatthe requirementhat uy

must be normalizableleadsto E =(n+3/2)hw where n=2s+1. Thus each

energystaten is associatedvith severalorbital angularmomentumstatesl
according td=n-2s=n,n-2,E,(1 or 0).

2. A generalanguIarmomentumoperatorj can be definedby the commutation
relationsof its components{Jy,Jy]=ihJ,. (a) Show that [32,3]=0. (b) Let the

common eigenvector df andJ; be|!,m) such that? |/,m)=/h*|/,m) and
J|!',m)=mh |/, m). Showthat / = j(j+1) and,for agivenj, m=-j,-j+1,E,j . (c)

Showthat possiblevaluesof j are0,1/2,1,3/2,E . (d) Obtainthe matricesl, Jy,
and J in the representation of common eigenvector¥ ahdJ, for j=3/2.



3. Considera particlein a cylindrical box of radiusa andlengthL. Show, using
cylindrical coordinates, that the possible values of the energy are

E = (0?/2m)[(n#/L)? + s /a)z] while the corresponding eigenfunctions are
# )= NJ‘m‘(”‘m‘%r/a)em sin(n/ z/L) with m=0,+1,+2,E, ! =1,2,3E, and "
being thev th root of the Bessel function of orde.

(Hints: "2 =/r){( /' O[> /10]+(2/1#)0+(*/1Z%) in the cylindrical
coordinates; the Bessel function of ordesatisfies the differential equation
d?J,/dr? +(1/r)(dJ,/dr)+ (1! n?/r?)J, =0.)

4. The GreenOfunction G(r) for a free particle is definedasthe solutionto the
equation (h?/2m)(" 2 +k3)G(r) =/ (r). (a) Using G(F)=(2ﬂ)‘?]'G(<5)eiq'rd3cr1

and $() = (2#)" €% d3q , showthat G(d) = (2ny4%)(K* ! ?)'". (b) Determine
G(7).



