Mathematical Physics Qualifying Exam Name

Do any three of the4 probems

1. For systems with the potential energy fundion V(r) depending only on the
distance r, the wave fundion can be expressed as the produd of the radial wave
fundion R,(r) and the spheica hamonics Y;.(!,") whee Y, (!,") is the

common eigenfundion of opeators L and L. such tha L°Y,,=/(I+1)!*Y;, and
L.Y,,=mh Y. () Showtha theradial wave equdion is given by

%% rz%yr{i—’j’[m (]! l(l;l)}Rn, - 0.

(b) By making the subgitution R,,;=u,,(r)/r, show that theredia wave fundioncan
bereduaed to an effective onedimendond Schrsdinge equdion

d’u, /dr? +2m/a*)[E! Vi Ju, =0, where V,, =V (r) +1(I + D! * [2mr” .

(c) For the case of the isotropic harmonic oscillator with V(r)=mw’r*/2, the
effective onedimensond radial wave equaion can bewritten as

d?u, /dp® +(C-p?-1(1+1)/p*)u, =0

with theintrodudionof " =/r, " =(m! /! )¥2, and C=2E/! » . By examining its
asymptotic solutionsat r! 0 and »" ! respectively, show tha u, can be
writtenas u,(p) = e £(p) with £(!) satisfyingthedifferential equation

p(d* f[dp*)+2(1+1- p*)df [dp)— (21 +3-C)pf =0.

(d) Making a change of variable & =p?*, show tha the differential equaion
forf(&) is

E(df[dE™) +(1+3/2-E)(df [dE) - (1/4)(21+3-C) f =0.

Thisisin theform of thewell-known differential equaion xF"+(b—x)F'—aF =0
who< solutionis the confluent hypageometric series

F(abx)=" (@+9)! (b)x*  _ +g+a(a+1)x2 N

s H@!(b+9)! (s+]) b b(b+1)2

It can be seen tha F behaves as ¢* for largex. Show tha the requirement tha w,,
mus be nomalizable leads to E =(n+3/2)hw where n=2s+|. Thus each

enegy dtate n is assodated with severa orbital angular momentum states /
accordingto /=n-2s=n,n-2,...,(1 or 0).

2. A genea angular momentum operator J can be defined by the commutation
relations of its components. [J,,J,]=i%J.. (&) Show tha [ J]=0. (b) Let the
common eigenvector of J° andJ. be |A,m) suchtha J* |A,m)=An*|A,m) and
Jo|!,m)=mh |A,m). Showtha ! = j(j+1) and,for agivenj, m=-j,-j+1,...,j. (c)
Show tha possible values of j are 0,1/2,1,3/2,... . (d) Obtain the matrices J,, J,,
and J. in the representation of common eigenvectors of J° and J. for j=3/2.




3. Consde a paticle in a cylindrical box of radius ¢ and length L. Show, usng
cylindrical coordinaes, tha the possible values of theenergy are

E = (h*/2m)[(nx/L)? + (€, /a)z] while the corresponding eigenfundionsare
#nod 1) = NI (o f@)e™ sin(n! 2/ L) with m=0,+1,22,.., | =1,23.., and
being the v th root of the Bessel fundtion of order |rm|.

(Hintss " > =1/r){( /1P 1]+ (21 #)y+(1%/12%) in the cylindrical
coordinates,; the Bessel fundion of order » satisfies thedifferential equdion

d*J, [dr* +(1/r)(dJ],/dr)+(1-n’/r*)J, =0.)

mly

4. The Green® fundion G(r) for a free paticle is de‘in'ed as the soluti'on to tr}e
equaion (h*/2m)(V>+k*)G(r)=8(r). (8 Using G(r) =(27r)’3J. G(q)e™d*q
and $() = (2#)°| €"7d’q , showtha G(§) = (2m/n*)(k*! ¢°)'*. (b) Determine
G(F).



